SCALING BEHAVIOR OF BLACK HOLE ENTROPY 



O 
O 

o 

(N 



> 
O 

(N 

o 

o 
o 



Oh 



X 



Rolf Schimmrigk Q 



O 

Q\ . Georgia Southwestern State University 

800 Wheatley Street, Americus, GA 31709 



Abstract 

It is shown that the entropy of fourdimensional black holes in string theory compactified on 
weighted Calabi-Yau hypersurfaces shows scaling behavior in a certain limit. This leads to 
non-monotonic functions on the moduli space. 
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1 Introduction 



One of the longstanding concerns in string theory is the problem of the vacuum degeneracy, the 
hope being of identifying a dynamical principle which predicts the unique physical ground state 
of the heterotic string (or M & F-theory J^j @, S @l)- A ^ YS ^ s ^ e P toward such a goal would be 
to find physically motivated quantities which are sensitive to the internal geometry and which 
define interesting functions on the moduli space. 

Natural candidates for such functions are the Yukawa couplings and the free energy Both 
of these quantities are functions over the (h^ 1 ' 1 ^ + h^ 2 ' 1 ^) complex-dimensional moduli space of 
each individual Calabi-Yau manifold. These multidimensional components form the connected 
web of the collective moduli space || and therefore even if one could compute both quantities 
for a reasonable class of spaces one would have to compare sets of functions of different order. 
Future progress in technology should make this possible. To simplify this problem one can 
consider the large volume limit, neglecting the instanton contributions to these functions, and 
focus on the classical bulk part. In this limit both the Yukawa coupling and the free energy 
can be computed within the class of Calabi-Yau hypersurfaces embedded in weighted projective 
four-space ||. It turns out that both quantities show scaling behavior with respect to a scaling 
variable defined by the dimension of the space of global functions of the hyperplane bundle 
on the manifold, and, as a consequence, satisfy a scaling relation between themselves [0. The 
resulting critical exponents can be viewed as specific characteristics of this space of Calabi-Yau 
manifolds. Both functions considered in ]7| turn out to be monotonic and therefore it is of 
interest to search for different types of characteristics of the moduli space. 

Recently progress has been made in the understanding of the entropy of black holes in 
string theory || . In the present note it is pointed out that the entropy of N=2 black holes in 
type II compactifications on Calabi-Yau threefolds CY 3 leads to functions with minima on the 
collective moduli space. 
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2 Black Holes on Calabi-Yau Threefolds 



N= 2 Calabi-Yau black holes embedded in type IIA string theory can also be viewed as solutions 
of M-theory compactified on CY3XS 1 . In these theories there are [hS 1 ' 1 ' + 1) electric charges 
(go, Qa) associated to DO-branes and the D2-branes wrapped around the h^ 1 ' 1 ^ 2-cycles in the 
threefold. Dual to these are the magnetic charges (p°,p A ) of the D6-brane wrapped around 
the threefold and the D4-branes wrapped around the 4-cycles. In the large volume limit the 
entropy of black holes which carry only 0-brane and 4-brane charges (qo,p A ) the entropy has 



been found in [g, [10], [11], [L2|, [L3| to be determined by the central charge of the theory by solving 
the Ferrara-Kallosh equation [0]] . The general solution of this extremization condition for the 
central charge has not been found yet but for a number of types of black holes this relation 
has been solved. Useful in the present context are axion-free black holes for which the entropy 
is determined by the classical Yukawa couplings Cabc — Icy 3 uj a uj b uj c, where uj^ GH 2 (CY 3 ), 
and the linear form of the first Pontrjagin class. Interesting probes of the moduli space can be 
provided by black holes with nonvanishing charges {qo,p A ). For such black holes the entropy is 
given by [|T^ 

2n I 

S ~ VE v v° Cabc p a p b p c ( 1 ) 

for large charges. The microscopic derivation of this entropy as a gas of DO-branes obtained 



from intersecting D4-branes has been described in refs. [14, 15 



As will become clear in the following section, a more interesting function on the moduli 
space can be obtained by taking into account a shift in the theta angle. It was shown in fll2 | 



that such a shift leads to an entropy of black holes with DO-brane and D4-brane charges in the 
large volume limit which is of the form 



7T 



3 ~ - V^go + c 2 J A p A ) C ABC p A p B p c . (2) 

The microscopic origin of this shift is to be found in the additional DO-brane contribution 
coming from the anomaly in type IIA string theory |16|, [lTj as pointed out in [ |i~5|j . 



For fixed charges these are complicated functions on each of the components of the collective 
moduli space which will have a rather involved, perhaps unilluminating, behavior. 
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3 Scaling behavior of Black Hole Entropy 



In order to obtain simpler probes of the moduli space it is more useful to focus on the bulk 
contribution to the entropy which originates from the universal deformation defined by the 
restriction of the hyperplane bundle of the ambient space. Denoting q = q and p 1 = p and 
Cm = C we focus on black holes with electric-magnetic charges (p, q) such that the entropy 
simplifies to 



S p , q ~ 2nyJqCp. (3) 
Considering anti-DO-branes of charge go — ~Q the anomaly shifted entropy in turn becomes 

,2 



S P,g ~ 



2d + C2-L)C. (4) 



6 \ \ V 

The Yukawa couplings of the universal Kahler deformation induced by the ambient Kahler 
form is given by the degree the degree of a natural line bundle which on hypersurfaces embedded 
in weighted projective space is induced by the hyperplane bundle of the ambient space. This 
leads to 

C= f c\{L). (5) 



I M 

These couplings were computed in for the class of weighted Calabi-Yau hypersurface three- 
folds constructed in |J . For such spaces the natural candidate for a line bundle is the pullback 
of the weighted form of the hyperplane bundle 

L = OP (6) 



on the weighted ambient space [18, 19 



k = lcm{ {gcd(ki, kj)\ i,j = 1, .., 5; i ^ j} U {k^kt does not divide V] h}}. (7) 

i=i 

The pullback j*(Op fc ) of L from the ambient space to the embedded Calabi-Yau manifold 
j : M — > P(fc lv ..,fc 5 ) induces an antigeneration j*(ci(L)), which will also be denoted by L. The 
Yukawa coupling C(L) of this antigeneration leads, in the large radius limit, to the expression 

w„o-<*« j) 3 =(iK)* 3 < s > 



The result shows that for this class this Yukawa coupling defines a scaling type function on 

the collective moduli space which is of the form 

„ 6/i-16 
1 + ah- ' 

where h = dim H°(CY3,L) is the dimension of the space of global functions on the individ- 
ual components of the large moduli space. This dimension can be computed for the bundles 



O 



(fe) 



as 



1 d k ({}- t ^~ Jl 



(9) 



*=o 



V P (kl ,...,k s )J k \ dt k I fJi (1 — t ki 
The constants appearing in this scaling relation are approximately (a, a) = (5, 0.7). This leads 
for singly charged black holes to an entropy at zero theta angle which scales for large couplings 

as 

(10) 



c h 1 / 2 



where s p%q is constant. 



The entropy at nonvanishing theta angle again leads to a more interesting scaling form by 
using the second scaling relation described in for the linear form defined by the second Chern 
class on the second cohomology group 



c 2 • L 



M 



Cl {L) Ac 2 (M) 



(11) 



where c 2 (M) is the second Chern class of the Calabi-Yau 3-fold. This number has been of 



(12) 



relevance in |20| where it was shown that the generalized index introduced in [21| 

T=\\—Tr \(-l) F F L F R q H -q H « . 
2 J t 2 1 J 

describes the one-loop partition function of the twisted N=2 theory coupled to gravity. Here 

the integral is over the fundamental domain of the moduli space of the torus, -Fl.k denote the 

left and right fermion numbers and the trace is over the Ramond sector for both the left- and 

right-movers []. It was shown in [20] that this generalized index reduces in lowest order to 



P = -\ KAc 2 (M) 
24 Jm 



(13) 



lr The contribution of the ground states of the supersymmctric Ramond sector to T has to be deleted in order 
for the integral to converge. 
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where K is the Kahler form of the manifold. Thus the numbers (|TT|) define the universal 
contribution T L = L ■ C2/IA to the large radius limit of this partition function. 



The resulting scaling relation now takes the form 

c 2 ■ L ~ b 



(14) 



where (6,/?) = (36,0.3). Thus the entropy for large coupling scales like 



7T 2 p 4 



_24g 
36~^ V P~ 



For q/p « C this leads to the critical exponent 7c 



+ bC 3 C. 



(15) 



More interestingly, the shifted black hole entropy defines a probe which leads to nonmono- 
tonic functions on the moduli space. Considering for convenience the square of the entropy one 
finds finds that for fixed charges £>£ x % (C) takes its minimum value at 



Crnjv 



' q 24 



\ P b(i3 + l)J 

The behavior of the function Sp q (C) is illustrated in Figure 1. 



(16) 
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Figure 1: (S 1 ^) 2 at g/p = 10 3 for the class of hypersurface threefolds /]6|/. 
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Combining the two scaling relations ||] and [14| leads to the following behavior of the square 



of the entropy as a function of the scaling variable h 

6/i-16 



with asymptotic exponent 7^ = 1 + (3. 



q b ( 6h- 16 \ P 
"p + 24 1 1 + ah~ a J 



1 + ah~ a ' 



(17) 



In summary the entropy of black holes in string theory leads to the first non-monotonic 
probes of the collective moduli spaces of Calabi-Yau vacua. 
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